Abstract. In the present investigation we consider Fekete-Szegö problem with complex parameter µ and also find upper bound of the second Hankel determinant |a2a4 − a 2 3 | for functions belonging to a new class S τ γ (A, B) using Toeplitz determinants.
Introduction and Preliminaries
Let A denote the class of functions of the form
which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1} and S denote the subclass of A that are univalent in U. Further, let P be the family of functions p(z) ∈ H (class of analytic function in U) satisfying p(0) = 1 and ℜ(p(z)) > 0. If f, g ∈ H, then the function f is said to be subordinate to g, written as f (z) ≺ g(z) (z ∈ U), if there exists a Schwarz function w ∈ H with w(0) = 0 and |w(z)| < 1 (z ∈ U) such that f (z) = g(w(z)). In particular, if g is univalent in U, then we have the following equivalence:
(0) and f (U) ⊂ g(U).
We now introduce the following class of functions. Definition 1.1. Let 0 γ 1, τ ∈ C \ {0}. A function f ∈ A is said to be in the
which is equivalent to saying that
The class S τ γ (A, B) is essentially motivated by Swaminathan [25] . We list few particular cases of this class discussed in the literature
iη cosη where −π/2 < η < π/2 is considered in [11] . [3] The class S
For more details about these classes see the corresponding references.
Fekete and Szegö proved a noticeable result that the estimate
holds for any normalized univalent function f (z) of the form (1.1) in the open unit disk U and for 0 λ 1. This inequality is sharp for each λ (see [5] ). The coefficient functional
on normalized analytic functions f in the unit disk represents various geometric quantities, for example, when λ = 1,
2 /2 of locally univalent functions f in U. In literature, there exists a large number of results about inequalities for ϕ λ (f ) corresponding to various subclasses of S. The problem of maximizing the absolute value of the functional ϕ λ (f ) is called the Fekete-Szegö problem; see [5] . In [12] , Koepf solved the Fekete-Szegö problem for close-to-convex functions and the largest real number λ for which ϕ λ (f ) is maximized by the Koebe function z/(1 − z) 2 is λ = 1/3, and later in [13] (see also [15] ), this result was generalized for functions that are close-to-convex of order β. One can see [1] , [16] and [24] for result concerning to Fekete-Szegö problem for other classes.
In 1976, Noonan and Thomas [19] discussed the q th Hankel determinant of a locally univalent analytic function f (z) for q 1 and n 1 which is defined by
For our present discussion, we consider the Hankel determinant in the case q = 2 and n = 2 i.e. H 2 (2) = a 2 a 4 − a 2 3 . This is popularly known as the second Hankel determinant of f .
In the present paper we obtain an upper bound to the functional H 2 (2) for f (z) ∈ S τ γ (A, B). Earlier Janteng et al. [8, 9] , Mishra and Gochhayat [17] , Mishra and Kund [18] , Bansal [2] and many other author have obtained sharp upper bounds of H 2 (2) for different classes of analytic functions. To prove our main results we need the following Lemma:
If the function H is univalent in U and H(U) is a convex set, then
(1.7) |c n | |C 1 |.
Lemma 1.2. ([4])
Let a function p ∈ P be given by the series
then, the sharp estimate 
Lemma 1.4. ([7]
) Let a function p ∈ P be given by the power series (1.8), then
for some x, |x| 1, and
for some z, |z| 1.
Main Results
We first give the following result related to the coefficient of
where h(z) is obviously convex univalent in U under the stated conditions on A and B. Using (1.1) and doing Binomial expansion of (1 + Bz) −1 in (2.2), we have
Now, by applying Lemma 1.1, we get the desired result. 2
It is easy to derive a sufficient condition for f (z) to be in S τ γ (A, B) using standard techniques (see [22] ). Hence we state the following result without proof.
Theorem 2.2. Let f (z) ∈ A. Then a sufficient condition for f (z) to be in S
In the next two theorems we give the result concerning Fekete-Szegö problem and upper bound of Hankel determinant for the class S (A, B) , where
then for any complex number µ
The result is sharp. (A, B) , then there exists a Schwarz function w(z) analytic in U with w(0) = 0 and |w(z)| < 1 in U, such that (2.6) 1 + 1 τ
where
Define the function p 1 (z) by
Since w(z) is a Schwarz function, we see that ℜp 1 (z) > 0 and p 1 (0) = 1. Define the function h(z) by
In view of the equations (2.6), (2.8) and (2.9), we have
and (2.14)
8 .
Using (2.7) and (2.9) in (2.13) and (2.14), we obtain (2.15)
Therefore we have
.
Our result now follows by an application of Lemma 1.2. Also by the application of Lemma 1.2 equality in (2.5) is obtained when
) .
Putting value of p 1 (z) we get the desired results. 
For 0 < µ < 1 and for any fixed c with 0 < c < 2, from (2.29), we observe that 
